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Abstract. We consider spacetimes A'^ satisfying some structural condi- 
tions, which are still fairly general, and prove convergence results for the 
leaves of an inverse mean curvature flow. 

Moreover, we define a new spacetime A'^ by switching the light cone 
and using reflection to deflne a new time function, such that the two 
spacetimes N and TV can be pasted together to yield a smooth manifold 
having a metric singularity, which, when viewed from the region A is a 
big crunch, and when viewed from A is a big bang. 

The inverse mean curvature flows in A resp. A correspond to each 
other via reflection. Furthermore, the properly rescaled flow in A has a 
natural smooth extension of class across the singularity into A. With 
respect to this natural, globally defined diffeomorphism we speak of a 
transition from big crunch to big bang. 
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0. Introduction 

In P] we considered the inverse mean curvature flow (IMCF) in cosmological 
spacetimes having a future mean curvature barrier and showed that the IMCF 
exists for aU time and runs directly into the future singularity, if and only if 
N satisfies a strong volume decay condition. 

Apart from the fact that the leaves run straight into the future singularity 
no further convergence results could be derived due to the weak assumptions 
on the spacetime. 

In the present paper we consider spacetimes N satisfying some structural 
conditions, which are still fairly general, and prove convergence results for the 
leaves of the IMCF. 

Moreover, we define a new spacetime N by switching the light cone and 
using refiection to define a new time function, such that the two spacetimes 
N and N can be pasted together to yield a smooth manifold having a metric 
singularity, which, when viewed from the region iV is a big crunch, and when 
viewed from iV is a big bang. 

The inverse mean curvature fiows in N resp. N correspond to each other 
via reflection. Furthermore, the properly rescaled flow in TV has a natural 
smooth extension of class across the singularity into N. With respect to 
this natural diffeomorphism we speak of a transition from big crunch to big 
bang. 

0.1. Definition. A cosmological spacetime N, dim = n + 1, is said to be 
asymptotically Robertson- Walker (ARW) with respect to the future, if a future 
end of N, N^, can be written as a product A^+ = [a,b) x Sq, where Sq is a 
compact Riemannian space, and there exists a future directed time function 
T = such that the metric in A^+ can be written as 

(0.1) ds^ = e^'^{-~{dx°f + a,j{x°,x)dx'dx^}, 

where Sq corresponds to x° = a, tjj is of the form 

(0.2) i,{x'',x) = f{x^)^i^{x\x), 

and we assume that there exists a positive constant cq and a smooth Riemann- 
ian metric dij on Sq such that 

(0.3) lim = cq A lim aij{T,x) — dij{x), 

T — T — *h 

and 

(0.4) lim /(r) ^ -oo. 

Without loss of generality we shall assume Cq = 1. Then A^ is ARW with 
respect to the future, if the metric is close to the Robertson- Walker metric 

(0.5) df = {-da;°^ + a,j{x)dx'dx^} 
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near the singularity t ~ b. By close we mean that the derivatives of arbitrary 
order with respect to space and time of the conformal metric e~^^ ga/s in (|0.1(l 
should converge to the corresponding derivatives of the conformal limit metric 
in H0.5|) when a;° tends to b. We emphasize that in our terminology Robertson- 
Walker metric does not imply that (ffij) is a metric of constant curvature, it 
is only the spatial metric of a warped product. 

We assume, furthermore, that / satisfies the following five conditions 

(0.6) -/' > 0, 

there exists w g M such that 

(0.7) n + u-2>0 A lim |/'pe("+"-2)/ = m > 0. 

Set 7 = ^{n ^ LO — 2), then there exists the hmit 
(0.8) lim(/" + 7|/'n 

T— >6 

and 

(0.9) \DT{r+i\fn\<c,n\rr vm>i, 

as well as 

(0.10) \DTf\<c,n\fr Vm>l. 

We call TV a normalized ARW spacetime, if 
(0.11) / y^d^^\S"\. 

JSo 

0.2. Remark, (i) If these assumptions are satisfied, then we shall show that 
the range of r is finite, hence, we may — and shall — assume w.l.o.g. that 6 = 0, 
i.e., 

(0.12) a < r < 0. 

(ii) Any ARW spacetime can be normalized as one easily checks. For nor- 
malized ARW spaces the constant m in H().7|l is defined uniquely and can be 
identified with the mass of N, cf. W. 

(iii) In view of the assumptions on / the mean curvature of the coordinate 
slices Mt = {x" = r} tends to oo, if r goes to zero. 

(iv) ARW spaces satisfy a strong volume decay condition, cf. 3, Defini- 
tion 0.1]. 

(v) Similarly one can define N to be ARW with respect to the past. In this 
case the singularity would lie in the past, correspond to r = 0, and the mean 
curvature of the coordinate slices would tend to — cxd. 
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We assume that N satisfies the timelike convergence condition. Consider 
the future end A^-i- of N and let Mq C be a spacelike hypersurface with 
positive mean curvature H^^^^ > with respect to the past directed normal 
vector P — we shall explain in Section |21 why we use the symbols H and u and 
not the usual ones H and v. Then, as we have proved in 0, the inverse mean 
curvature flow 

(0.13) x = ~H-^i> 

with initial hypersurface Mq exists for all time, is smooth, and runs straight 
into the future singularity. 

If we express the flow hypersurfaces M{t) as graphs over Sq 

(0.14) A//(t) =graphM(i, •), 

then our main results can be formulated as 

0.3. Theorem, (i) Let N satisfy the above assumptions, then the range of 
the time function is finite, i.e., we may assume that 6 = 0. Set 

(0.15) u = ue^\ 

where 7 = ^-7, then there are positive constants Ci,C2 such that 
(0.16) -C2 < u < -ci < 0, 

and u converges in C°°{So) to a smooth function, if t goes to infinity. We shall 
also denote the limit function by u. 

(ii) Let cjij be the induced metric of the leaves M(t), then the rescaled metric 

(0.17) e**g,, 
converges in C°°(So) to 

(0.18) (7m)7(-u)*a,,. 

(iii) The leaves M{t) get more umbilical, if t tends to infinity, namely, there 
holds 

(0.19) H-^\hl~^H5l\<ce-^'<\ 
Ln case n + u; — 4 > 0, we even get a better estimate 
(0.20) \hl - ^H5l\ < ce-^("+'^-^)*. 



For a description of the results related to the transition from big crunch to 
big bang we refer to Section |H1 
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1. Notations and definitions 

The main objective of this section is to state the equations of Gaufi, 
Codazzi, and Wcingartcn for spacc-likc hypcrsurfaccs M in a (n+l)-dimen- 
sional Lorentzian manifold N. Geometric quantities in N will be denoted by 
iSaff), {Ra0-ys), etc, and those in M by (gij), {Rijki), etc.. Greek indices range 
from to n and Latin from 1 to n; the summation convention is always used. 
Generic coordinate systems in N resp. M will be denoted by (x") resp. (^*). 
Covariant differentiation will simply be indicated by indices, only in case of 
possible ambiguity they will bo preceded by a semicolon, i.e., for a function u 
in N, (ua) will be the gradient and {ua/s) the Hessian, but e.g., the covariant 
derivative of the curvature tensor will be abbreviated by Ra0-yS;e- We also 
point out that 

(1-1) Ra0-yS;i = Ral3jS;eXi 

with obvious generalizations to other quantities. 

Let M be a spacelike hypersurface, i.e., the induced metric is Riemannian, 
with a differentiable normal v which is time-like. 

In local coordinates, (a;") and (^*), the geometric quantities of the space-like 
hypersurface M are connected through the following equations 

(1.2) 4 = /Jyi^" 

the so-called Gaufi formula. Here, and also in the sequel, a covariant derivative 
is always a full tensor, i.e. 



(1.3) x^—Xj^j r^jXf. + Fp^x^x'j . 

The comma indicates ordinary partial derivatives. 

In this implicit definition the second fundamental form (hij) is taken with 
respect to v. 

The second equation is the Weingarten equation 

(1.4) - h'ixt, 

where we remember that is a full tensor. 
Finally, we have the Codazzi equation 

(1.5) hij-k - hik-j = Rai3-i&v°'x1x]xl 
and the Gaufi equation 

(1.6) Rijki = -{h^khji - hiihjk} + Raf^^gXiX^xlxf . 

Now, let us assume that AT is a globally hyperbolic Lorentzian manifold with 
a compact Cauchy surface. N is then a topological product / x »So, where / 
is an open interval, <So is a compact Riemannian manifold, and there exists a 
Gaussian coordinate system (x"), such that the metric in N has the form 

(1.7) ds% = e^'^{-dx'^^ + aij{x\x)dx'dx^}, 
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where aij is a Riemannian metric, ip a function on N, and x an abbreviation for 
the spacelike components {x^). We also assume that the coordinate system is 
future oriented, i.e., the time coordinate x'^ increases on future directed curves. 
Hence, the contravariant time-like vector (^") = (1, 0, . . . , 0) is future directed 
as is its covariant version {^a) = e^'''(— 1, 0, . . . , 0). 
Let M = graph be a space-like hypersurface 

(1.8) M = {{x",x): x° = u{x), X £So}, 
then the induced metric has the form 

(1.9) gij = e^'^{-UiUj + cry } 

where aij is evaluated at (u, x), and its inverse (5'^) = (gij)'^ can be expressed 
as 

(1.10) gv + ^!!Ly^ 



V V 



where (ct'-' ) = (tTij) ^ and 
(1.11) 

^ I - a'^ u,uj = I - \Du\^ . 

Hence, graph m is space- like if and only if \Du\ < 1. 

The covariant form of a normal vector of a graph looks like 

(1.12) {iya.)=±v~^e*il,-u,). 
and the contravariant version is 

(1.13) {:y'')^Tv-'e-^'il,u^). 
Thus, we have 

1.1. Remark. Let M be space-like graph in a future oriented coordinate 
system. Then the contravariant future directed normal vector has the form 

(1.14) (i^") =z;-ie-'^(l,uO 
and the past directed 

(1.15) {iy'')^-v-^e-^'{l,u'). 

In the GauB formula (|1.2|l we are free to choose the future or past directed 
normal, but we stipulate that we always use the past directed normal for 
reasons that we have explained in [2 Section 2]. 

Look at the component a = in ()1.2|l and obtain in view of H1.15|l 

(1.16) e~'^v~'^hi.j = -Uij - r^QUiUj - r^jUi - r^,,_u.j - r°j. 

Here, the covariant derivatives are taken with respect to the induced metric of 
M, and 

(1.17) =e-%-. 
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where (hij) is the second fundamental form of the hypersurfaces {a;" = const}. 
An easy calculation shows 

(1.18) hje""^ = -^(Tij - tjjaij, 

where the dot indicates differentiation with respect to x'^ . 

2. The evolution problem 

When proving the convergence results for the inverse mean curvature flow, 
we shall consider the flow hypersurfaces to be embedded in N equipped with 
the conformal metric 

(2.1) ds^ = -{dx°f + a^j{x° ,x)dx'dxK 

Though, formally, we have a different ambient space we still denote it by 
the same symbol A'^ and distinguish only the metrics gap and gap 

(2.2) gap = e'^-gap 

and the corresponding geometric quantities of the hypersurfaces hij , cjij , v resp. 
/ly, gij, v, etc., i.e., the notations of the preceding section now apply to the case 
when N is equipped with the metric in H2.1|l . 

The second fundamental forms hj and are related by 

(2.3) e^l4=Ii+^Pai^''Si 
and, if we define F by 

(2.4) F = e'^'H, 
then 

(2.5) F = H - nvf + n^:av°', 
where 

(2.6) v = v-^, 
and the evolution equation can be written as 

(2.7) X = 
since 

(2.8) u = e-'i'v. 
The flow exists for all time and is smooth. 

Next, we want to show how the metric, the second fundamental form, and 
the normal vector of the hypersurfaces M{t) evolve. All time derivatives are 
total derivatives. We refer to 2 for more general results and to ^ Section 3], 
where proofs are given in a Riemannian setting, but these proofs are also valid 
in a Lorentzian environment. 
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2.1. Lemma. The metric, the normal vector, and the second fundamental 
form of M(t) satisfy the evolution equations 

(2.9) 5y = -2F-^h,,, 

(2.10) z> = Vm(-F-I) = g'^{-F-%Xj, 
and 

(2.11) hi = {-F-')i + F-'h>^hi + F-^R^p,si^"x1v^xig^^ 



(2.12) h,, - (-i^-')y - F-'hthkj + F-'R^p^s 



Since the initial hypersurface is a graph over 5o, we can write 

(2.13) M(i) =graphu(i)|_,^ Vt G /, 

where u is defined in the cy Under R_|_ x Sq. We then deduce from H2.7|l . looking 
at the component a = 0, that u satisfies a parabolic equation of the form 

(2.14) ii^^, 

where we use the notations in Section ^ and where we emphasize that the 
time derivative is a total derivative, i.e. 

dut 

(2.15) u= — +u^x\ 

Since the past directed normal can be expressed as 

(2.16) {v°')^-e~'f'v^^[l,u'), 
we conclude from (|2.14|) 

Sometimes, we need a Riemannian reference metric, e.g., if we want to 
estimate tensors. Since the Lorentzian metric can be expressed as 

(2.18) gapdx'^dx'^ = -{dx°f + aijdx'dx^ 
we define a Riemannian reference metric {gaf}) by 

(2.19) gcpdx°'dx'^ = {dx^f + a.jdx'dx^ 

and we abbreviate the corresponding norm of a vectorfield r/ by 

(2.20) llhlll = (5a/3r?"r?'3)i/2^ 
with similar notations for higher order tensors. 
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3. Lower order estimates 
We first draw a few immediate conclusions from our assumptions on /. 

3.1. Lemma. Let f e C^([a, 6)) satisfy the conditions 

(3.1) lim/(T) = -oo 

and 

(3.2) liml/'pe^^/ = m, 
where 7, m are positive, then b is finite. 

Proof. From H3.2|l we deduce that /' tends to —00 and 

(3.3) lim(-/'e^-^) = ^m. 
Moreover, 

(3.4) e^^ - e^^" = ^fe^f < -j^{t - tq), 

J To 

if To is close to b in the topology of R and t > tq. Hence b has to be finite. □ 

3.2. Corollary. We may — and shall — therefore assume that b — 0, i.e., the 

time intervall I is given by I — [a, 0). 

A simple application of de L'Hospital's rule then yields 

(3.5) lim = — 

From this relation and (|0.8() we conclude 

3.3. Lemma. There holds 

(3.6) fe^ff + CT^, 
where c is a constant, and where the relation 

(3.7) LP ~ cr^ 

means 

(3.8) lim4^ = c. 
Proof. Applying de L'Hospital's rule we get 

(3.9) um = — = hm — —c^\/m. 

2 ' 



□ 



THE INVERSE MEAN CURVATURE FLOW IN ARW SPACES 



10 



3.4. Lemma. The asymptotic relation 

(3.10) 7/'r - 1 - cr^ 
is valid. 

Proof. The relation H3.6|l yields 

(3.11) ^fre^'f + v^7r ~ Clr^ 
or equivalently, 

(3.12) (7/'t - 1)6"^^ + ^M7T + e^^^ - cit^ 
Dividing by and applying de L'Hospital's rule we infer 

^ T — 1 e^ ^ \J m'^ -j- 7/''^'^*^ 

(3.13) lim • lim V lim —5 = ci, 

r 3t^ 

hence the result in view of H3.5|l and (|3.6|l . □ 

After these preliminary results we now want to prove that there are positive 
constants c\ , ci such that 

(3.14) -ci < u EE ue^* < -C2 < S R+, 

where u is the solution of the scalar version of the inverse mean curvature flow, 
i.e., u is the solution of equation (|2.14() . 

We shall proceed in two steps, first we shall derive 

(3.15) |ue^*|<c(A) V0<A<7, 

and then the final result in the limiting case A = 7. 

This procedure will also be typical for higher order estimates in the next 
sections. 

3.5. Lemma. For any < A < 7, there exists a constant c(A) such that the 
estimate (|3.15|l is valid. 

Proof. Define tp = ip{t) by 

(3.16) ip{t) = inf u{t,x). 

xESo 

Then ip is Lipschitz continuous and 

(3.17) ip{t) ^ —{t,xt) fora.e.t, 

where Xt € Sq is such that the infimum of u(t, ■) is attained. This is a well- 
known result, for a simple proof see e.g., |2t Lemma 3.2]. 
Let 

(3.18) w = log(-(p) + Xt, 
then, for a.e. t, we have 

du 

(3.19) w = ip-^ip + X = u^^— + \, 
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where u is evaluated at {t,xt). In xt u{t,-) attains its infimum, i.e., Du — 
and —Au < 0. 

From the parabohc equation (|2.17|) . we obtain in xt 

(3.20) ^ = - = r. 

dt F H-nJ'-ml) 

The mean curvature H can be expressed as 

(3.21) H = -Au + H = -Au + a'^hij = -Au - ^a'^a.j. 
Thus we deduce 

(3.22) S > 



and 



(3.23) 



dt -nf -nijj- \a^3ai 



W < : -— + A 

—nf'u — [ml) — ^a^^&ij)u 
1 — nf'uX — (nip — ^a"^^ &ij)Xu 
—nf'u — [nip — ^cr^^&ij)u 



(3.24) lim inf u{t, x) = 0, 



Now, we observe that the argument of /' is u and 
24) 

cf. Pl Lemma 3.1]. Hence 

(3.25) Km fu = 

t — >oo 

in view of Lemma l3.4l and we infer that the right-hand side of inequahty (|3.23|l 
is negative for large t, t> t\, and therefore 

(3.26) w<w{tx) yt>tx, 
or equivalently, 

(3.27) -we^* < c(A) Vt G R+. □ 

3.6. Theorem. Let u be a solution of the evolution equation H2.14(l . where 
f satisfies the assumptions HU.7|I and ()U.8|I . then there are positive constants 
ci, C2 such that 

(3.28) -ci < u EE ue^* < -C2 < 0. 

Proof. We only prove the estimate from above. Define 

(3.29) (p{t) = sup u{t,x) 

x£So 

and 

(3.30) w = log{-ip) + -ft. 
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Arguing similar as in the proof of the previous lemma, we obtain for a.e. t 
(3.31) w > 



1 — nf'wy — {nip — ^a^^ &ij)'-fu 



-nf'u — — ^(j'^i CTij)u 

Since 7 = 717, we deduce from Lemma |3 . 41 that the right-hand side can be 
estimated from below by cu, i.e., 

(3.32) w>cu> -ccxe^^^ 

for any < A < 7. Hence w is bounded from below, or equivalently, 

(3.33) u < -C2 < 0. □ 

3.7. Corollary. For any fc e N* there exists Ck such that 

(3.34) l/^'^l <Cfee'=^*, 
where /'■'^-' is evaluated at u. 

Proof. In view of the assumption H().10() there holds 

(3.35) < Cfcl/f = c,|/f ?.^u-'=e^^*. 

Then use Lemma 13.41 and the preceding theorem. □ 

4. C^-ESTIMATES 

We want to prove estimates for v and ||-Du||, where we recall that 

(4.1) u = ue^K 

Our final goal is to show that is uniformly bounded, but this estimate 

has to be deferred to Sectional At the moment we only prove an exponential 
decay for any < A < 7, i.e., we shall estimate ||Z?u||e'^*. 

The starting point is the evolution equation satisfied by v. 

4.1. Lemma (Evolution of v). Consider the flow H2.7|l . Then v satisfies 
the evolution equation 

i - F-^Av = -F-^\\A\fi + F-^Raffiy^x^u' 

- F-'^{2H - nf'i + ml}ai'")riai3'^°''^'^ 
^^'^^ - F-^{7j^p^iy''xfx]g'^ + rj^pxfx^h'^) 

^ F-^{-nf'\\Dufi - nf'iku^ + ni/;„/3Z/"xf it* + ni/;„x^/i,^u*), 
where rj = {rja) = (— 1, 0, . . . , 0) is a covariant unit vectorfield. 

Proof. We have 

(4.3) V = T^^iy". 

Let (^') be local coordinates for AI{t); differentiating v covariantly we deduce 

(4.4) = 77„^xfz/" + ?7„z/f. 
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and 

(4.5) Vij = rjaffjxfx]!/" + 'Hafil'fxf + 'na0l^°'l''^hij + llal^ij. 

The time derivative of v is equal to 

From these relations the evolution equation for v follows immediately with 
the help of the Weingarten and Codazzi equations, the Gaul3 formula, and the 
definition of F. □ 

4.2. Lemma. The following estimates are valid 

(4.7) \'napv'^A < CVmVa0\l 



(4.8) \r]a0^iy°'xfx]g'^ < cv^\\\r]a0j\l 



(4.9) |r/„;3!/«arf«'=| < c\\\t,c,0\\\v^ 

(4.10) \i;^xth'^u'\<c\\\DmMv^ 

(4.11) \r]^0xfx^h'^<c\Mmi'^ 
and 

\Raf3i^°'x''lu''\ < CV^\Roku'"\ + cv\Roo\\\Du 

where 

(4.13) = a'^Uj. 

Proof. Easy exercise. 

Wo can now prove that v is uniformly bounded. 

4.3. Lemma. The quantity v is uniformly bounded 

(4.14) V <c. 

Proof. For large T, < T < oo, assume that 



(4.15) sup sup V = v{to, Xo). 

[0,T] M(t) 

Applying the maximum principle we shall deduce that either 5 < 2 or that to 
is a priori bounded 

(4.16) to < To. 
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In [tojXo) the left-hand side of equation (|4.2(l is non-negative, assuming 
to 7^ 0. Multiplying the resulting inequality by and using the estimates in 
Lemma l4.2l we conclude 

(4.17) < -Pfw - nf'\\Du\\^i + c(l -I- \f\)i^ + c\\A\\i^. 
If z; > 2, then 

(4.18) \\Du\\'^ > eav'^ 

with a positive constant eo, and if to would be large, then — /" would be very 
large; recall that lim^^o(^/") = co- 
in view of (|0.8|l . — /" is also dominating |/'|, hence -D is a priori bounded 
independent of T. □ 

Before we can show that decays exponentially, we need the following 

lemma 

4.4. Lemma. For any fc e N there exists Ck such that 

(4.19) ||b?a/3||| <Cfe|r|'=. 

Corresponding estimates also hold for |||?7a/37l||, III^V'llli lll-f^a/3^"lll; or more gen- 
erally, for any tensor that would vanish identically, if it would have been formed 
with respect to the product metric 

(4.20) -{dx°f + dijdx'dxK 

Proof. We only prove the estimate (|4.19l) in detail. The remaining claims can 
easily be deduced with the help of the arguments that will follow; in case of 
|||D'0||| we use in addition the assumption that all derivatives of ip of arbitrary 
order vanish if t tends to 0. 

Let (^"), (x") be arbitrary smooth contravariant vectorfields and set 

(4.21) ^ = 

Let us evaluate tp in (a;", x), x ^ Sq fixed. Then we have 

(4.22) ^ = Vo.p^Cx^v'' + ^o.pC;^V^X^ + Vo.pS.'^X^,^^-'. 

Since (770/3) is a tensor that vanishes identically in the product metric, we 
conclude that vanishes identically in the product metric, and by induction 
we further deduce 

(4.23) lim D^o(/3 ==0 V/s G N 
and 

(4.24) \DloLp\<Ck V/ceN. 
The mean value theorem then yields 

(4.25) \lp{t,x) - ip{To,x)\< sup |D^o(y9||T - Tol, 
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and, by letting tq tend to 0, we conclude 

(4.26) \^{T,x)\<snp\D,o^\\T\. 

Applying now induction to iD^-oc/?] yields the result because of the arbitrariness 
of ), (X"). □ 

4.5. Lemma. There exists e > and a constant such that 

(4.27) \\Du\\e'^ < c, V< £ M+. 

Proof. We employ the relation 

(4.28) i^ = l + \\Duf 

and the fact that v is uniformly bounded to conclude that for small 

(4.29) 21og5 - 

i.e., we can equivalently prove that logwe^'^* is uniformly bounded. 
Let e > be small and set 

(4.30) if = \ogve'^^\ 
then (f satisfies 

(4.31) if - p-'^Aip = - F-'^Av)e'^'^ + F-^\\Dipf + 2eip. 

To get an a priori estimate for we shall proceed as in the proof of 
Lemma [4.31 For large T, < T < oo, assume that 

(4.32) sup sup ip — </?(to, xq). 

[0,T] M{t) 

Applying the maximum principle we infer from (|4.31|) . (|4.2|) . Lemma 14.21 and 
Lemma 14.31 after multiplying by F^, 

< - Plpe^^* + c|| All \u\e^'' + c\u\'^e^'' - ufWDuW^e^'^i 

^^■^^^ + c\u\\\Du\\e^'' + cPII pulle^'* + c\\Dufe^'' + 2eF^^. 

Now, we have 

(4.34) ' 

-2nHf'ij + 2nH^PaV°'-2n^f'ij^Paiy'^, 
hence ip is apriori bounded, if e is small enough, < e << 7. 
Here we also used the boundedness of i) so that 

(4.35) if < ce^"*, 

as well as the boundedness of m = ue'*^. 
To control the term 

(4.36) en^\f\^d^(p 
we employed the assumption HQ.8|I yielding 

(4.37) -c</" + 7l/?<c 
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as well as the estimate 

(4.38) \\ogv - ^\\Duf\ < c\\Du\\^ 

because of (|4.28|) . □ 

After having established the exponential decay of ||£>u|l, we can improve 
the decay rate. 

4.6. Lemma. For any < A < 7 there exists c\ such that 

(4.39) \\Du\\e^' < ex. 

Proof. As in the proof of the preceding lemma set 

(4.40) If ^ log ve^^*. 

Let r, < T < 00, be large and {to, xq) be such that 

(4.41) sup sup ip = ip{to,xo). 

[0,T] M(t) 

Applying the maximum principle we then obtain an inequality as in H4.33|l . 
where e has to be replaced by A. 

The bad terms which need further consideration are part of 

(4.42) 2AFV, 
especially 

(4.43) 2AiJV 
and 

(4.44) 2An2|/'|2{iV- 
The quantity in (|4.43|l can be absorbed by 

(4.45) -\\Afe^^\ 

since = log v e^'^* and log v decays exponentially. 
The second term is dominated by 

(4.46) -nf'WDufe'^^, 

because of ()4.28(l . (|4.37|l . (|4.38(l . the exponential decay of and the as- 

sumption that A < 7. 

Thus we see that (/? is a priori bounded independent of T. □ 
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5. C^-ESTIMATES 

The ultimate goal is to show that ||yl||e'''* is uniformly bounded. However, 
this result can only be derived by first establishing some preliminary estimates. 

Let us start by proving that F grows exponentially fast. From the evolution 
equation l|2.11|l we deduce 

(5.1) H - F-^AF = -2F-^\\DFf + F-^WAf + R^pv'^vl^)F, 
where we have used that 

(5.2) H = 5]}i. 

Replacing by in the evolution equation (|5.1(l and observing that 
F = H - nf'd^F-^ + nf'ria0V°'v'^F~^ 

(5 3) 

+ nf'u'F,F-^ -nij^pv'^v^F-^ +ni}ax"F^F-^ 

we obtain 

F ~ F^^AF = -2F-^\\DFf + F-'^{\\Af + Raf)V°'v^)F 

(5.4) + F-^i-nf'i^ + nf'i^^pv'^v^ ~ ni^^pv^v'')F 
+ F-^nf'u, + nyj^x'^)F\ 

5.1. Lemma. There exist positive constants S and cs such that 

(5.5) cse^*<F VteM+. 

Proof. Define 

(5.6) if = Fe-^K 

Let T, < T < oo, be large and (fp, 2^0) be such that 

(5.7) sup sup ip = <y9(to, a;o). 

[0,T] A/(t) 

Applying the maximum principle we deduce from 15. 4|) 

(5.8) > II + R^pv'^v^ + nf'r^^pv°'v^ - nf'i - ni!^pv"v^ - 5F^ , 

and we further conclude that, for small 5, to cannot exceed a certain value in 
view of the relations 14.34|l and H4.37(l . hence the result. □ 

Replacing in 15.1|l F hy H wc obtain an evolution equation for H 

H - P-^AH = -2F-^\\DF\\^ + F-^{\\A\\^ + Rc,pv'^v^)F 

+ F-^{nf"i^H - nf'ig'^hj - nf"\\Dufi - 2nf'r]c,f3V°'x'^u' 
+ Anf"h,juV - nf'7^^p^y'^x^^x]g'^ - 2nf'h'^ r)a,0X^x^ 
~ m^^pv'^yl'f'H - n/'||A||2^ + nf'Hku'' + u'=) 
+ nF-^{:^:^li^v"x^^x]g'= + i^c^p^^y^H + 2^„^xf x^^/i*^' 
+ WAfi^^v^ + ij^xlH'' + R^fiv^xl^^xlg'^'). 



(5.9) 
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In deriving this equation we used the Weingarten and Codazzi equations, 
the definition of F and the relation 

(5.10) iH = -Au + g'^hj, 

where hij is the second fundamental form of the slices {a;° = const}. 

5.2. Lemma. H is uniformly bounded from below during the evolution. 

Proof. Let T, < T < oo, be large and xq — x{tQ, ^q) be such that 

(5.11) inf inf H = H(xq). 

[0,T]M(t) 

Applying the maximum principle and some trivial estimates we deduce from 

> -2F-^\\DF\\^ + F-^(\\A\\^ + Ra0i'°'iy^)F 

(5.12) 3 

+ F-\nf"vH - c|/'|5 - t/'||A||25 - c(l + Uf)), 

where we have used Corollarv l3.7l Lemma [4.41 Lemma f4.6l and assumed that 
ff(xo) < -1. 

To estimate the term involving ||Z?F|p we note that 

|2_|inuii2 I „2| /?//|2|| n„,||2„--.2 , „2 1 /•/|2 ii 2 



DF\\' = \\DH\\' + n'\f"Y\\Du\\'i' + nyY\\Di\\ 

+ n^\\D{'il}aV°')f - 2nf"Hku''v - 2nf'Hkv'' 

+ 2nH''('^^y'')k + 2n^ f f" iku'^i 

~ 2nV"5(V'ai^")fc«'^ - 2n^f{4,^u'')kvK 



DH vanishes in xq, and because of (|4.4|l . Lemma ^3 and Lemma lOI we 
have 

(5.14) ||i:>S|| <c|||r/„/3||| + P||||7:>ii|| < CA(l + ||A||)e-^* VO < A < 7. 

Combining these estimates with the exponential growth of F we conclude 

(5.15) F-'\\DFr <c{\ + \r\ + \\Af), 

hence the a priori bound from below for H. □ 

Next we shall show that the principal curvatures of M{t) are uniformly 
bounded from above, i.e., we want to estimate h\ from above. 

Let us first derive a parabolic equation satisfied by Iv^ from the evolution 
equation H2.11|l . 

Using the definition of F we immediately obtain 

- F-^Hl = -2F-^F,F^ + F-^h.kh''^ 

(5.16) +F-ii?„^^5i/"xfz.T4/-'' 

+ F-^{~n{f'i)i+n{^P^iy'')i) 
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and conclude further 

hi - F-^Ahl = 

- 2F~^F,F^ + F-'h.kh''^ + F'^R^p^sy^x'^y-^xig''' 

- F-^\\A\\^hl + F-^Hh.kh''' + 2F-^h'''R^0^sxtxfx]xlg'-^ 

- F-^g''^R^0^sxZ,x^,xJxfhTg'' + g''^ R^0^sx^x^,x]xfh"^^ 
+ R^fiv^v^y^ - HR^0^si^"x^iy''xig"'^) 

(5.17) + F-'g'^^R^0^s-A'^"4^1^'^'mg"'' + i^'^ x^ xlx^x^ g"'^ 

I 771—2/ -f"j,i~2 I r/r~ a 13 kj r/ir j~ 

+ r [nj n^v +nj vrjapx^ x).g — nj UiW' v 

- nj"{v,u^ + v'u,) - nflr^^p^v^x^^xlg^^ + Va^x'^xfh''^ 
+ Tio.py'^y'^y^ + h'lh'^v - hl.y + Ra,p^siy"x^xlxfg'^Uk]) 

+ nF-\'<P^ii^u^x^^xlg''' + i^c.fii^'^vPy^ + i^^pxtx^^h^^ 
+ i^^px^ixth^g'^ + i^a,v^hk^h''^ + i^^xthlig'^), 
where we used the relation 

(5.18) hijV = -Uij + hij = ~Uij - T]a0x"x^, 
equation 1)4. 4|l as well as the Weingarten and Codazzi equations. 

5.3. Lemma. The principal curvatures Ki of M{t) are uniformly bounded 
during the evolution. 

Proof. Since we already know that H > —c, it suffices to prove an uniform 
estimate from above. 
Let ip be defined by 

(5.19) </7 = sup{/iyryV: hll = !}• 
We shall prove that 

(5.20) w = logLp + Xv 

is uniformly bounded from above, if A is large enough. 

Let < r < cxD be large, and xq ~ xo(to), with < to < T, he point in 
M{to) such that 

(5.21) snp ip < sup{ sup ip: < t < T } ^ p{xq). 

Mo M{t) 

We then introduce a Riemannian normal coordinate system (^') at 2:0 G 
M(to) such that at xq = x(to,£,o) we have 

(5.22) g,j = % and ip = h]!^. 

Let fj — {if) be the contravariant vector field defined by 

(5.23) 7?= (0,...,0,1), 
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and set 

(5.24) ^=^. 

(p is well defined in neighbourhood of (to,i^o)i and (p assumes its maximum 
at (io,Co)- Moreover, at (ioiCo) we have 

(5.25) (p^K, 

and the spatial derivatives do also coincide; in short, at (<o,Co) ",5 satisfies the 
same differential equation H5.17|l as /ij^. For the sake of greater clarity, let us 
therefore treat /i" like a scalar and pretend that w is defined by 

(5.26) w = log/i;j + Aw. 

At (io, ^o) we have w > 0, and, in view of the maximum principle, we deduce 
from H5.17|) and (|4.2() 

< -Apfi) + cA(l + Pll + |/'|e-t^*Pll) 

(5.27) +c(|i7|/j« + |/>« + |/'|)+„/V 

+ c\r\\\D\oghl\\\\Du\\-r\\D\o^hlf^c\\D\o^hlt 

where we assumed /ij^ > 1, and in addition used 14.4|l and the known exponen- 
tial decay estimates for Hi^uH. 

Since Dw = in xq, we have 

(5.28) \\D\oghl\\ = \\\Dv\\ < Ac(l + \\A\\ \\Du\\). 

Hence, if A is chosen large enough, we obtain an a priori bound for /i" from 
above. □ 

An immediate corollary is 

5.4. Corollary. There exist positive constants Ci,C2 such that 

(5.29) ci < Fe""^* < ca. 

Proof. Since H is uniformly bounded we conclude 

(5.30) Fe-'f* - ^nf'e-^^v = ^nf'u{ue^*)-^v 

and the result follows from Lemma [3. 41 and Theorem 13. 61 □ 

We can now prove an exponential decay for ||A||. 

5.5. Lemma. For any < A < 7 there exists c\ such that 



(5.31) P||e^*<CA yte 
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Proof. Let = then 

(5.32) if - F-^Aifi = ~F-^\\DAf + {hi - F-^Ahi)h], 
where 

(5.33) \\DAf ^h.^.^kh'^.^g"'. 

Define w = ipe^'^^ with < A < 7. Let < T < cx) be large, and xq = a;o(io)j 
with < <o < be a point in Af(to) such that 

(5.34) supw < sup{ sup w: 0<i<T} = w(a;o)- 

Mq M{t) 

Applying the maximum principle we deduce from H5.32|l and (|5.17|) 

< ~\\DAfe^^^ - F-^h'^ F,Fje^^^ + 2n/Vw 

^^■^^^ + Qe^^*|/"l Pl|e^* + c|/'|(w + 1) + 2\F^w, 

with some small positive e = e(A); here we used Lemma 14.61 and Corollarv l3.7l 

It remains to estimate the second and the last term in the preceding in- 
equality. The only relevant term in 2XF^w is 

(5.36) 2Xn^\f\^i^w; 
combining it with 2nf"tP'w gives 

(5.37) 2n/Vw + 2Xn'^\f'\^v^w < -2n^{'y - X)\f'\'^v^w + cw, 

in view of (|4.37|l . 

The remaining term can be estimated 

(5.38) -F^^h'^F.Fje^^' < \\D A fe''^* + c,\f'\^e-'*\\A\\e^* + c(l + w), 

with some positive e = e(A). 

Inserting these estimates in (|5.35|) we obtain an a priori bound for w. □ 

Though we now could prove an a priori estimate for |jA|je'''*, let us first 
derive a corresponding estimate for ||£'u||e'''*. The estimate for the second 
fundamental form is then slightly easier to prove. 

5.6. Theorem. Let u = u^*' , then \\Du\\ is uniformly bounded during the 
evolution. 

Proof. Let ip — (p(t) be defined by 

(5.39) = sup logfie^T*. 

M(t) 

Then, in view of the maximum principle, we deduce from equation 1)4.2(1 

(5.40) (f < ce""* + F~^{nf"\\Dufi> + 2-fF'^w) 

for some positive e, where we haved used the known exponential decay of \\A\\ 
and as well as Lemma lT!^ Lemma Corollarv l5.4l and the inequalities 

(|4.37(l and (|4.38|l : the inequality is valid for a.e. t. 
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The second term on the right-hand side of H5.40(l can be estimated from 
above by 

(5.41) ce-^^l + w), 

in view of H4.37|l . (|4.38() and the known decay of ||^||, ||-Du|| as well as the 
result in CoroUarv 15.41 Hence we conclude 

(5.42) ifi <ce-'\l + <f), 

i.e., if is uniformly bounded. □ 

5.7. Theorem. The quantity w — ^\\A\\'^e'^"'* is uniformly bounded during 
the evolution. 

Proof. Define tp = ip{t) by 

(5.43) ip — sup w. 

M{t) 

Applying the maximum principle we deduce from H5.32|l that for a.e. t 
if < -p-^WDAW^e^-f' + p-^{~2h'^P,Pje^^' - nf"'h'^u,Ujv) 

(5.44) + p-^{nf"i^Lp + -fP^ip) + ce-'=*(l + ip) 
+ P-^Ra.p^sv'^xlu^x^jh'^e'-^* 

The last terms on the right-hand side of this inequality can be estimated as 
follows 

p-^{^2h^'PiPje^^^ - nf"'h'^u,Ujv) < 

(5.45) F-3(_2|/"|2 + f'f"')h'^u,uji^n^ + cP-^\\DAfe'^''' 
+ ce-'\l + ip). 

Now, we observe that 

(5.46) (/"+7l/?)' = /"' + 27/7"=C/', 

where C is a bounded function in view of assumption l|0.9() . and hence 

(5.47) 2|/'f - /'/"' = 2|/'f + 27|/f /" - C\ff, 
i.e., 

(5.48) |2|/'f - /'/'"I < c|/f , 

and we conclude that the left-hand side of H5.45(l can be estimated from above 
by 

(5.49) ce-'\l + ip)+cP-^\\DAfe'<' 

Next, we estimate 

(5.50) p-^infi^ + "fP^)ip < ce'^ip, 
and finally 

(5.51) P'^Ra,(3.ys'^"'xfi^'^x^jh'^e^^' < ce-'\l + ip) + P-^ Roiojh'^ e^'^'v^ , 
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but 

(5.52) 

cf. Lemma [4.41 
Hence, we deduce 

(5.53) 

for some positive e and for 



\RoiOj \ < c\u\, 

if < ce~^*{l + ip) 
a.e. i, i.e., (f is bounded. 



□ 



6. Higher order estimates 
After having estabhshed the boundedness of 

(6.1) Plpe^^* 

corresponding estimates for the derivatives of the second fundamental form 
will be proved recursively. 

Our starting point is the equation H5.17|l . It contains two very bad terms 

(6.2) -nF^^f"u,u^i, 
and another one which is hidden in the expression 

(6.3) -2F~^F,F^. 

To handle these terms we proceed as in the proof of Theorem 15.71 by com- 
bining the two crucial terms in 

(6.4) F-^{-2F,F^ - nFf'u^uH) 
to 

(6.5) F-^{-2\n + rnu^u^n'v' 

and observing that 

(6.6) p = -2|/'f + /'/"' = (/" + 7l/?)7' - 2/"(/" + 71/?). 

In view of our assumption (|0.9|l and Corollary 13.71 we conclude that the 
spatial derivatives of ip can be estimated by 

(6.7) <c„||u||„e2^* VmeN. 
Let us introduce the following abbreviations 

6.1. Definition, (i) For arbitrary tensors S,T denote by S'^T any linear 
combination of tensors formed by contracting over S and T. The result can 
be a tensor or a function. Note that we do not distinguish between S -kT and 
cS -kT, c a constant. 

(ii) The symbol A represents the second fundamental form of the hyper- 
surfaces M{t) in iV, ^ = Ae"'* is the scaled version, and D'^A resp. D™A 
represent the covariant derivatives of order m. 
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(iii) For m E N denote by Om a tensor expression defined on M{t) that 
satisfies tfie pointwise estimates 

(6.8) llCnll <c,„(l + |li|l,„)f'", 

wfiere Cm,Pm are positive constants, and 

(6.9) 

I a I < m 

Moreover, the derivative of Om is of class Cm+i and can be estimated by 

(6.10) limnll < c„,(l + |li||™)^'"(l + \\D'"+'A\\) 
witli (different) constants Cm,Pm- 

(iv) The symbol O represents a tensor such that DO is of class Oq. 

6.2. Remark. We emphasize the following relations 

(6.11) D^Oo^Cm VmeN, 

(6.12) P-'^DF = F-'^DA + O, 

(6.13) DFe-'^* = e~'>^DA + 0, 

(6.14) F-^O^ = Om Vm e N, 
and 

(6.15) \Ro^OJ\<Cm\u^ V m G N, 

cf. Lemma [4.41 

With these definitions and the relations 1)6. 5|l and 1)6. 7|l in mind we can write 
the evolution equation for in the form 

U - F'^AU ^ F-^DA i.DA + F-^O ★ DA 

(6.16) 

+ F-^Oq ★ + F-'^Oa + F-^O, 

where the right-hand side is considered to be a mixed tensor of order two 
though we omitted the indices. 

Using the fact that 

(6.17) (?y = -2F-i/iy = -2F-h-''%, = F-^Oo 

we can rewrite 1)6.16(1 in the form 

A - F-^AA = F-^DA ★ DA + p-'^O ★ DA 

(6.18) 

+ F-^Oo ★ L>A + F-^Oo + F-^O 
regardless of representing v4 as a covariant, contravariant or mixed tensor. 
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Differentiating this equation covariantiy with respect to a spatiai variabie 
we deduce 

jtiDA) - F-^ADA ^ p-^Oo + p-^D^A ^DA + p-^O ★ D^A 

(6.19) + P-^DA *DAirDA + p-'^O *DA*DA + p-^DA * Oq 

+ P-^DA *DAirOo + P-^DA ★ DOo + P^^D^A ★ Oq, 

where we used the Ricci identities to commute the second derivatives of a 
tensor. 

Finally, using induction, we conclude 

D pm+i - F-MD^+^i = p-^0„, + F-^D"'+^A * DA 

(6.20) + P-^D"'+^A ★ 0,n + P~^D"^+^A * Oo 
+ ep-^D'"+^AirD'''+^A, 

for any m G N*, where = 1, if m = 1, and = otherwise. 

We are now going to prove uniform bounds for i||i)'"+^j4|p for all to e N. 
First we observe that 

£(i||D"'+M|P) - p^+lilp = _^-2pm+2^||2 

+ p-^0,n * D"'+^A + P-^D'^+^A i.DA* D"'+^A 

^^■^^^ + P-'^D'^' + ^A ★ Ora ★ D'^+^A + i^-3£)"+2i ^ 0^ ^ D'^+^i 

+ QP-^D'''+^A * ★ 

if TO G N*, in view of l|6.20|l . where similar equations are also valid for 
and \\\DAf, cf. (|0^ and 

6.3. Theorem. The quantities ^\\D™ AW"^ are uniformly hounded during the 
evolution for all to G N* . 

Proof. We proof the theorem recursively by estimating 

(6.22) if = \og\\\D'"'+^ Af + + \e-^\ 
where /i is a small positive constant 

(6.23) < /I = ^i(m) « 1, 

and A large, A — A(m) >> 1. 

We shall only treat the case to = 0, since then the structure of the right-hand 
side is worst, at least formally, cf. (|6.19|) . 

Fix < r < oo, T very large, and suppose that 

(6.24) 2sup||ii|p < sup sup tp = ip{x{to,S,o)) 

[0,T] M{t) 

for < to < T , where e~^*° should be small compared with ^, i.e., to has to 
be large. 
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Applying the maximum principle we deduce 

< n^F-^\\DU\Af\\ - F-^\\D^Af\\A\\-^ - f^e"^* 



^""■^^^ - ^F-^\\DAf + cF-^DA\ 



Now, we observe that 
(6.26) Pill^f II < cpi|p||i||2 < c||M||2 

and hence the right-hand side of inequahty ()6.25f) would be negative, if /i is 
small, A large and large. 
Thus (/? is a priori bounded. 

The proof for m > 1 is similar. □ 

7. Convergence of u and the behaviour of derivatives in t 
Let us first prove that u converges when t tends to infinity. 

7.1. Lemma, u converges in C™(5o) for any ni G N, if t tends to infinity, 
and hence D"^A converges. 

Proof, u satisfies the evolution equation 

ve^^ ve^^ 

(7.1) u = —— + 7u = ^^(1 - jf'u + v^He~'^* + v"fnipav'^e~''*'), 

r r 

hence we deduce 

(7.2) 1^1 < ce-2Tt^ 

in view of Lemma l3.4l and the known estimates for H, F and ip, i.e., u converges 
uniformly. Due to Theorem 16. 31 D"^u is uniformly bounded, hence u converges 
in ^"(^o). 

The convergence of D™A follows from Theorem 16 . 31 and the convergence of 
hij , which in turn can be deduced from equation (|5.18() . □ 

Combining the equations H6.18|l . H6.19(l . H6.2()|l . and Theorem 16.31 we imme- 
diately conclude 

7.2. Lemma. ||£L>™i|| and \\f^D"'A\\ decay by the order e-'<* for any 

TO e N. 

7.3. Corollary. §D"^Ae^* converges, if t tends to infinity. 

Proof. Applying the product rule we obtain 

(7.3) = + 

hence the result, since the left-hand side converges to zero and D'^A converges. 

□ 
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In view of Lemma Irt. 41 f'u converges to 7^^, if t tends to infinity, moreover, 
because of the condition (|().10() and the estimates for u resp. u, we further 
deduce 

7.4. Lemma. For any m G N iwe have 

(7.4) \\D"'if'u)\\<Cm. 

Proof. We only consider the case m = 1. Differentiating f'u we get 

(7.5) ifu)k = f'uuk + f'uk = f'u^u^^Uk + f'uu^^Uk, 
but 

(7.6) u^^Uk = u^^Uk 

and hence uniformly bounded in view of Theorem 13.61 and Theorem 15. 61 □ 

7.5. Corollary. We have 

(7.7) W'^F-^\\<c,r^F-^ VmSN. 

Proof. Recall that 

(7.8) F = H - nvf + ni^av" 
and hence 

(7.9) (F-i)fc = -F-\Hk - nvkf - nif'uk + n(V^„i^")fc). 
Now, writing 

F^^{Hk - nvkf - nvf'uk + ^(V'qJ^")*;) = 

{Fu)^^{uHk — nvkf'u — nvf"uuk + n[tpav'^)ku) 



we conclude that the expression is smooth in x with uniformly bounded 
C™- norms. 

The estimate H7.7|l follows by induction. □ 

7.6. Lemma. The following estimates are valid 
(7.11) \\Du\\ < ce"'^*, 



(7.12) \lf^F-'\l<cF-\ 
and 

(7.13) \v\ + \i\ + \\Dv\\ < ce-^'^K 
Moreover, ve^^^ andve^''^ converge, if t goes to infinity. 
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Proof. .. HT.llll " The estimate follows immediately from 
(7.14) 

in view of Corollary 17. 51 

.. (|7.12|) " Differentiating with respect to t we obtain 
(7.15) ^F-i = -F-\H - nif - nirii + n^(V'„z.")) 

and the result follows from H7.13|l and the known estimates for |u| and F. 

.. (|7.13|l " We differentiate the relation v — rjai^" to get 
V = 'qapv^x^ + riav" 

yielding the estimate for \v\, in view of Corollarv l7.5l and the decay of rjap- 

Differentiating (j7.16|l covariantly with respect to x we infer the estimate for 
IIDi;!!, while the estimate for ||-D5|| can be deduced after differentiating H7.16(l 
covariantly with respect to t, in view of (|7.11|) . 

The convergence of ■De^''* and ve^^* can be easily verified. □ 
Finally, let us estimate hi and hi. 

7.7. Lemma, hi and hi decay like e"'*'*. 

Proof. The estimate for hi follows immediately by differentiating equation 
H5.17(l covariantly with respect to t and by applying the above lemmata as 
well as Theorem 16. 31 

Observing the remarks at the beginning of Section El about rearranging 
crucial terms in (|5.17|) . cf. equations (|6.4|) and (|6.5|l . we further conclude 

(7.17) \\H\\<ce-^'. □ 

Using the same argument as in the proof of CoroUarv 17.31 we infer 

7.8. Corollary. The tensor hi e'^^ converges, if t tends to infinity. 

The claims in Theorem 10 . 31 are now almost all proved with the exception of 
two. In order to prove the remaining claims we need 

7.9. Lemma. The function Lp — e^'-^u^^ converges to —jy/m in C°°(5o), if 
t tends to infinity. 
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Proof, (fi converges to —'^\/m in view of 1)3. 5|l . Hence, we only have to show 
that 

(7.18) < c™ VtoGN*, 

which will be achieved by induction. 
We have 

~ Pi _i _2 

(7-19) , _i 

(^5(7/ M - 1)U lii. 

Now, we observe that 

(7.20) u^\^u-^Ui 

and f'u have uniformly bounded C""- norms in view of Theorem lH.fil Lemma l7.ll 
and Lemma 17.41 

The proof of the lemma is then completed by a simple induction argument. 

7.10. Lemma. Let (cjij) be the induced metric of the leaves of the inverse 
mean curvature flow, then the rescaled metric 

(7.21) en'g.j 
converges in C°°(So) to 

(7.22) (7771)7 (-u)fCT,j-, 

where we are slightly ambiguous by using the same symbol to denote u{t, •) and 
lhnu{t, •). 

Proof. There holds 

(7.23) = e^^e^'^i-u.u, + a,,{u, x)). 
Thus, it suffices to prove that 

(7.24) e^^C"* ^ (7TO)^(-{t)^ 

in C°°(5o). But this evident in view of the preceding lemma, since 

(7.25) e^^e** = (-e'^^M-i) *(-«)*. □ 

Finally, let us prove that the leaves M{t) of the IMCF get more umbilical, 
if t tends to infinity. Denote by hij^ v, etc., the geometric quantities of the 
hypersurfaces M{t) with respect to the original metric (3^/3) in N , then 

(7.26) e^h'^^y^+i^^v'^Sl, 
and hence, 

(7.27) H~'\li - ^HSi\ = F-'\hi ~ ^HSi\ < ce"^^*. 
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In case n + a; — 4 > 0, we even get a better estimate, namely, 



m view 



of G^l- 



8. Transition from big crunch to big bang 

We shall define a new spacetime TV by reflection and time reversal such that 
the IMCF in the old spacetime transforms to an IMCF in the new one. 

By switching the light cone we obtain a new spacetime N. The flow equation 
in TV is independent of the time orientation, and we can write it as 

(8.1) X = -H-^i' = -{-H)-^{-i') = -H-^i), 

where the normal vector £> = — is past directed in N and the mean curvature 
H = —H negative. 

Introducing a new time function x'^ = — x*^ and formally new coordinates 
(i") by setting 

(8.2) x° = -x°, x'=x\ 

we define a spacetime N having the same metric as iV — only expressed in the 
new coordinate system — such that the flow equation has the form 

(8.3) i^-H-^O, 
where M(t) — graph it(t), u — —u, and 

(8.4) (i>") -5e-'^(l,tiO 
in the new coordinates, since 

and 

(8.6) = -v^ 

The singularity in x^ = is now a past singularity, and can be referred to 
as a big bang singularity. 

The union A^UA^ is a smooth manifold, topologically a product {—a,a)xSo — 
we are well aware that formally the singularity {0} x 5o is not part of the union; 
equipped with the respective metrics and time orientation it is a spacetime 
which has a (metric) singularity in x'^ = 0. The time function 



in N, 
in TV, 



(8.7) £0 = 1 ■ 

is smooth across the singularity and future directed. 
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NUN can be regarded as a cyclic universe with a contracting part N — 
< 0} and an expanding part N = {x^ > 0} which are joined at the 
singularity {i" = 0}, cf. for similar ideas. 

We shall show that the inverse mean curvature flow, properly rescaled, de- 
fines a natural C^- diffeomorphism across the singularity and with respect to 
this diffeomorphism we speak of a transition from big crunch to big bang. 

Using the time function in H8.7|l the inverse mean curvature flows in N and 
N can be uniformly expressed in the form 

(8.8) i = -R-^O, 

where (|8.8|l represents the original flow in N, if < 0, and the flow in H8.3|l . 
if i° > 0. 

Let us now introduce a new flow parameter 

J — 7^^e^'''*, for the flow in N, 
I 7~^e~'''*, for the flow in TV, 



(8.9) 



and define the flow y = y{s) by y{s) = x(t). y = y{s,£,) is then defined in 
[— 7~^,7~"'^] X (So, smooth in {s ^ 0}, and satisfies the evolution equation 



(8-10) y' ^ £y 



s^*, s < 0, 
s > 0. 



8.1. Theorem. The flow y ~ y{s, ^) is of class in (—7^^, 7^^) x 5o and 
defines a natural diffeomorphism across the singularity. The flow parameter s 
can he used as a new time function. 

The flow y is certainly continuous across the singularity, and also future 
directed, i.e., it runs into the singularity, if s < 0, and moves away from it, if 
s > 0. 

The continuous differentiability of y = y{s,^) with respect s and ^ up to 
order three will be proved in a series of lemmata. 

As in the previous sections we again view the hypersurfaces as embeddings 
with respect to the ambient metric 

(8.11) ds^ = -{dx°f + a^j{x° ,x)dx'dx' . 
The flow equation for s < can therefore be written as 

(8.12) y' ^ -F-^ve^K 

8.2. Lemma, y is of class in (—7^"'^, 7^"'^) x S^. 

Proof. Here, as in the proofs to come, we have to show that y' and yi are 
continuous in {0} x Sq. 

Now, we have 

(8.13) y"(s)=x"(t), y\s)^x\t) Vs < 0, 



THE INVERSE MEAN CURVATURE FLOW IN ARW SPACES 



32 



and 



(8.14) y°{s) ^ -x°{t), y'{s)^x\t) Vs>0, 

hence y' is continuous across the singularity if and only if 




and 



(8.16) lim^f = -lim^f ?/\ 




Umy^ = 



and 



(8.18) 



limVi = lini 



The last two relations are obviously valid. 
To verify (|8.15() and H8.16|l we observe 

8.3. Remark. The limit relations for {D"^y,-^) and {D™-y,-^), where 
D'^y stands for covariant derivatives of order m of y with respect to s or 
are identical to those for (I?™y, v) and {D"^y, Xi), because v converges to — gfo , 
if s T 0. 

Thus, in view of (|8.1U|) and (|8.12|) . it suffices to prove the convergence of 
Fe~^*, if t goes to infinity. But this has already been shown in the proof of 
Corollary Ell cf. equation (15.30(1 . □ 

Let us examine the second derivatives. 

8.4. Lemma, y is of class in x Sq. 

Proof. „y^" The normal component of y'^ has to converge and the tangential 
components have to converge to zero. 

We may only consider the behaviour for s < 0. Then 



(8.19) 



y' ^ -F-^e-^'v 



and 



(8.20) y[ = F-'^F,e^^v - F^^e'^V,; 



The normal component is therefore equal to 



(8.21) F'^e^*{H, - nvj' - nif'u, + n^-a/si^^xf , +nVaO 
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The tangential components are equal to 

(8.23) -F-^e^'h'l, 
which converge to zero. 

„?;ij" The Gaufi formula yields 

(8.24) = h^jv, 

which converges to zero as it should. 

„?/"" Here, the normal component has to converge to zero, while the tan- 
gential ones have to converge. 



We get for s < 
.25) 



The normal component is equal to 

(8.26) F-^e^^^H - nvf - nifii + m^o^pv^x^ + nV'aJ>" - 7^^)- 

F~^e^'''* converges, all other terms converge to zero with the possible ex- 
ception of 

(8.27) -nvf "it - jF = -F-'^n{v^f" + ^^iF"^) 

which however converges to zero too, in view of (|4.37|l and the estimate for 
\H\. 

The tangential components are equal to 

F-^D,{F-^)e^'^' - ^F-^e'-<\H, - nv.f - nvf'u, 

(8.28) 

which converge to 

(8.29) \miF~^e''^^nvJ"u^UiU-'^. □ 

8.5. Lemma, y is of class in x Sq. 

Proof. „yijk" Now, the normal component has to converge to zero, while the 
tangential ones have to converge. Again we look at s < and get 

(8.30) yij = hijV, 

(8.31) yijk = hijki^ + hijVk- 

Hence, yijk converges to zero. 

„?/^j" The normal component has to converge, while the tangential ones 
should converge to zero. 
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Using the Ricci identities it can be easily checked that, instead of y[^^ we 
may look at "^(yij), since 

(8.32) RoiOj — > 0, 

cf. Lemma [4.41 

From (|8.30|l we deduce 

(8.33) £yy = /i„j.e'^* + /i„t'eT*, 

and conclude further that the normal component converges, in view of Corol- 
lary 17.31 and the tangential ones converge to zero, since v vanishes in the 
limit. 

„y'/" The normal component has to converge to zero and the tangential 
ones have to converge. 

From (|8.25|l we infer 

+ {F-^e^^\H - nif + £(nV'aZ^"))).i^ 
+ F-2e27*(ij _ nif + D^n4,^^^))u, 

+ {F-^e'^\-ni''[f" + 7|/'|2] - 7(772 ^ („^^j,«)2 _ 2nHfi 

+ F-'^e^^'i-ni^if" + 7|/f ] - -f[H^ + [ml^^y'^f - 2nHf'i 
+ 2Hnipa'^"' — 2nf' vn'ijjo,v"])vi. 

Therefore, the normal component converges to zero, while the tangential 
ones converge. 

„?/""' The normal component has to converge, while the tangential ones 
have to converge to zero. 



v" = 

(8.34) 
and thus 

(8.35) 
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(8.36) 



Differentiating tlie equation (|8.34(l we get 

y'" = 3F-*e^''*F(i7'= - ni'^f - nf'u'' + {n^a.i^")'')xk 

- 2F-^e'^^F{H - nif + §{ni;aJ^"))iy 

+ F-^e^^'§{H - nif + §{n^j^iy"))u 
+ F-^e^-^'iH - nif + ^^{n^^v^))v 

~ SF-^e^^^'Fi-rw^if + ^\ff] - -f[H'^ + {mP^iy^f ~ 2nHfv 

+ 2Hml}o,v°' - 2nfm'4}o,v°'])v 
+ 2^F-^e^'-'\-ni^[f' + 7|/'p] - ^[H^ + {niPaV^'f - 2nHfi 
+ 2Hn^aV°' - 2nfin^:av"])v 

+ 2Hnipav'^ — 2nf'vn%ljav'^])v 
+ F-\^^\-ni^[f' + 7|/'|2] - 7[i72 + [nxl^^v'^f - 2nHfv 
+ 2Hnijav" - 2nfvniPcV°'])v 

Observing that 

(8.37) Xk = F-^FkV - F-ij/fc 
and 

(8.38) iik = F-i^fc - F-^iFk 

and talcing the results of Lemma lTTBl Lemma lTTfl and Corollarv l7.8l into account 
we conclude that the normal component converges. 

The tangential components contain the following crucial terms 
3F-4e37t„2~2|^,n2yfe^ 2^ F'^ e^'" nv f u'' 

(R 39^ 

^ ■ ^ + F-^e''^'nir'u''u + F-^e^-'Vi^lf'fu^ 

which can be rearranged to yield 

(8.40) F-^e^'''niu''{4r{f' + 7|/f ) - /'(/" + 7l/f )')• 

Hence, the tangential components tend to zero. 

The remaining mixed derivatives of which are obtained by commuting the 
order of differentiation in the derivatives we already treated, are also continuous 
across the singularity in view of the Ricci identities and ()8.32fl . □ 
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9. ARW SPACES AND THE EiNSTEIN EQUATIONS 

Let be a cosmological spacetime such that the metric has the form as 
specified in Definition 10. f I though, with regard to /, we only assume at the 
moment that / is smooth and satisfies 

(9.f ) lim /(r) = -oo 

and 

(9.2) lim /' = -oo. 

r^b 

The conformal metric 

(9.3) df- ^ e^'^i-idx^f + a^j{x°,x)dx'dx^) 

should satisfy the conditions in Definition 10. f I and, in addition, the partial 
derivatives of V' as well as the second fundamental form of the coordinate 
slices {a:° — const} and its derivatives should be integrable over the range 
[a, 6) o{x°. 

In contrast to the previous sections we suppose that the Einstein equations 
are valid 

(9.4) G„,3 = kT„^, 

where k is a positive constant, and the stress-energy tensor is asymptotically 
equal to that of a perfect fluid. 

9.1. Definition. Let be a time function such the preceding assumptions 
are satisfied. A symmetric, divergent free tensor (Tap) is said to be asymptot- 
ically equal to that of a perfect fiuid with respect to the future, if the mixed 
tensor (Tg ) splits in the form 

(9.5) T^ = f^ + f^, 

where (Tp) is the stress-energy tensor of a perfect fiuid, i.e., 

(9.6) TO^-p, Tt = 6:p; 

< p is the density and p is the pressure, and (T^) as well as its partial 
derivatives of arbitrary order are supposed to vanish, if x'^ tends to 6, and they 
should be integrable over the range [a, b) of x". Moreover, T^/' should vanish 
and be integrable as well. 

Let us assume an equation of state 

(9.7) p^f,p 
holds, where w € R is a constant such that 

(9.8) n + Lu-2>0. 

We shall now show that, because of the Einstein equations, / has to satisfy 
the conditions stated in Definition 10. II even slightly stronger ones. 
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First, we prove 

9.2. Lemma. There exist tq and c > such that 

(9.9) p(t,x)>c>0 Vt > To, Va; G 5o. 
Moreover, 

(9.10) lim p^oo. 

Proof. We use the Einstein equations 

(9.11) Goo = kToo 
to conclude 

(9.12) in(n - l)|/f + ^R + e = npe'^ + kToo, 

where we recall that R is the scalar curvature of the metric in (|9.3|) , and where 
e represents terms that converge to zero, if r tends to h, or equivalently, 

(9.13) \n{n - 1)|/'P g-^'A + \Re-^^ + eg-^V' = np + kT^. 
Hence, we have 

(9.14) «p^in(n-l)|/fe-2^ 

which proves the result, in view of H9.1|) and H9.2|l . □ 

9.3. Lemma. Let 7 = ^{n + cu — 2), then there exists a constant m > 
such that 

(9.15) liml/fe^^^' = m 
and 

(9.16) \D'^f\<Cm\f'r VmeN. 

Furthermore, the limit metric must have constant scalar curvature R. 

The function 

(9.17) v^r+i\f\', 

converges to 

(9.18) limv? = -;^i?, 

r — >b 

where 7 = -^j, and in addition 

(9.19) limi:>"V = VmeN*. 

T— ►() 
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Proof. .. H9.15|l " Since (Tafi) is divergent free, we deduce 

n T^T Tf I FT T^7 

(9.20) 7 7 7 

= -p-(n + c.)V;p-iaKl + ^)p + C, 
where C tends to zero and is integrable over the range [a, b) of x^. 
In view of Lemma 19.21 we deduce 

(9.21) f^log p = ^{n + Lu)i, + C, 

where we still use the same symbol C, and hence, for fixed x, 

(9.22) p(r,x)e("+'^>'^(^'^) = p{t' ,x)e'-''+'^^'^'^^'^''^e-f^^'^ . 

Thus, we conclude, first, that p(r, a;)e("+"^^'^'^'^^ is uniformly bounded, and 
then, that it converges to a positive function, if r tends to b. 

At the moment the limit can depend on the spatial variables x, but we shall 
see immediately that it is a constant. 

Now, multiplying equation (|9.13|) with e*^"+'^^''' we deduce 

(9.23) lim|/fe("+"-^)^ = -^«limpe("+")/, 

i.e., the limit on the left-hand side exists, and the limit on the right-hand side 
is a constant. 

.. (|9.16() " We consider the contracted version of the Einstein equations 

(9.24) = kT^ 
and infer with the help of equation H9.13|l 

(9.25) " ' ^ 

= e-2^(l - a>) -f ;^i?e-2^(l - c.) + ee-2V' +c, 

and we further conclude 

(9.26) + f" + l{n + Lo- 2)|/f = e + Ce^^ . 
The estimate in (|9.16f) now follows immediately by induction. 
.. I|9.18|l and H9.19|l " One easily checks that 

(9.27) lim R^R, 

where R is the scalar curvature of (ct^ j ) . 

The relation (|9.26|l implies that (p is uniformly Lipschitz continuous and 
bounded, hence there exists a sequence Tk ^ b such that (p{Tk) converges, 
from which we deduce that R has to be constant. Therefore, ip = f" + 7|/'P 
converges. 

Moreover, after having established the relation H9.15|l . we can apply the 
result of Lemma 13.11 i.e., b is finite, and without loss of generality we may 
assume that 6 = 0, which in turn allows us to conclude that derivatives of 
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arbitrary order of the right-hand side of H9.26|l tend to zero in the hmit, cf. 
Lemma 14.41 

This completes the proof of the lemma. □ 
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